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Finally, I believe it would indicate the chief bond between the indi- 
vidual realists themselves, a methodological bond rather than a theory 
of reality. 

Walter T. Marvin. 
Rutgeks College. 



STUDIES IN THE STRUCTURE OP SYSTEMS 

2. The Deductive System Form 

OF all system forms, the so-called "deductive" has received the 
greatest attention. Its father is Aristotle. Following sugges- 
tions and using preliminary work by his master, Plato, he put the 
stamp of his own mind on his researches into the nature of the 
deductive system. Euclid gave the first great example of the form 
in his "Elements," and this example was interpreted and imitated 
in the light of the Aristotelian theory. Every school-boy who 
labored through Euclid's text was thus familiarized with the leading 
ideas of Aristotle's theory. And quite naturally it was believed 
that the deductive system form was something peculiarly mathe- 
matical, though the attempt was made, with indifferent success, to 
apply it to philosophy, with great success, to physics. 

The conception of a deductive system thus made current may be 
briefly stated as follows: Its dominating idea is that of "proof," by 
which is meant "deductive" proof; no propositions are admitted as 
valid until they have been proved; and they are "true" just in so 
far as they have been proved. The "proof" shows that the proposi- 
tion "necessarily follows" from some other propositions; but this 
regress, so Aristotle taught, must come to an end; this is reached 
when we come to the "principles" {nrpmr) ) which neither can nor 
need be proved, for they are ' ' self evident. ' ' By means of the proofs 
our propositions participate in this self -evidence which the "axioms" 
enjoy, and in this lucidity consists the great merit of the deductive 
system ; error may indeed creep in through a faulty proof (nothing 
human is perfect, alas!) ; but it can be corrected, for the rules for 
making valid proofs were made the subject of explicit and detailed 
study. Propositions must be proved, that is, reduced to the axioms ; 
concepts must be "defined," that is, reduced to the fundamental 
concepts, in the last resort to the categories, which thus correspond 
to the axioms. Categories must be clear, intelligible, general; and 
the "derived" concepts, by means of the definitions, participate in 
the clearness of the categories, just as the propositions do in the self- 
evidence of the axioms. The light of day thus shines through the 
whole building, for its very structure assures clearness, validity, 
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necessity, for which the philosophic mind had always been longing. 

As we look back over the centuries through which the history of 
the deductive system took its triumphant march, we are impressed 
with the feeling (which to the workers at the building seems to have 
been a conviction) that a system, such as plane geometry, could be 
developed in the deductive system form in but one way. Certain 
concepts are the fundamental concepts, certain propositions the 
axioms, radically distinct, by their nature of "clearness," "self- 
evidence," from all other concepts and propositions in the system. 
The search for "categories" and "principles" has always taken this 
direction and followed this procedure: by a direct inspection they 
are to be recognized as such, without further ado. Of course, indi- 
vidual writers did err (though it seems just a trifle hard to under- 
stand how they could have failed to recognize that which is "self 
evident") ; but the correction itself followed, with undaunted confi- 
dence, the same method of direct inspection ! 

This is the heritage of the Aristotelian theory; "categories," 
"axioms," the terms which most clearly express it. 

Had philosophers not been too much absorbed in different prob- 
lems and too ignorant of mathematics to be any longer interested in 
the work which was going on around them in the special sciences, 
this idea of a deductive system would have been rudely shaken by 
the work of intrepid mathematicians, who, without theoretical bias, 
proceeded to develop deductive systems of "geometry," of "algebra" 
by starting from various sets of "axioms." As it was, philosophers 
ignored, and mathematicians built according to Euclid's pattern, 
without much concern for the structural significance of their work. 
And so the opinion could prevail that the Aristotelian account still 
fitted the modern work. 

These various sets of "axioms" were at first offered in the spirit 
of the older conception of a deductive system, as improvements on 
Euclid's system which was found deficient in important points. But 
once the absolute perfection of Euclid's system was impugned and 
the possibility of starting from a different basis demonstrated, the 
work was carried on beyond the intentions of these first attempts. 
Mathematicians exhibited new, and new, sets of "axioms," "hypoth- 
eses," "postulates," "primitive propositions," or whatever name 
they chose for their starting-point of a deductive system, and proved 
that all of Euclid's propositions could be deduced from their sets 
also. But even more important than this multiplicity of "founda- 
tions" is the fact, that, if any one of these sets of "axioms" is 
chosen, the "axioms" of the other sets become theorems which must 
and can be proved. The new set of "axioms" may simply be a new 
selection from among the propositions of the old systems. "What 
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becomes of the radical distinction between "axioms" and "the- 
orems," if they may thus be interchanged! And what is true of 
the "axioms" applies to the categories. 

The consequences of this work have not yet been recognized, 
though its bearing on all our thinking seems great; for the "example 
of mathematics" has been potent with those who imitated, as well as 
with those who opposed it. Spinoza, who put his philosophy into 
the deductive system form, as well as Kant, who denied the possi- 
bility of "definition" and "deductive proof" in philosophy, was 
guided by the Aristotelian idea of a deductive system. And Kant's 
own attempt at establishing a "table of categories" and of "funda- 
mental judgments" moves, at bottom, in the same direction: certain 
concepts are the categories; certain propositions the fundamental 
judgments. This is a remnant of the Aristotelian way of thinking 
in the great and complex German philosopher, who — though a favor- 
ite subject of attack by the young scientists working in the realm of 
the "philosophy of mathematics" — in other respects, and particu- 
larly in his "transcendental method," seems to have sounded the 
key-note of all this modern work. To have shown this convincingly 
is one of the great merits of Hermann Cohen. 

But are we not too rash in thus speaking rather disparagingly of 
the Aristotelian conception of a deductive system? Has the modern 
work really made a different theory necessary? Above all, are the 
ideas controlling this work sound themselves? Wherein do they 
differ from the classical account, and do perhaps they themselves 
require modification ? These questions should be put and answered 
systematically; for we are at present in a puzzling and somewhat 
irrational position. If "proofs" merely link propositions to "pos- 
tulates," lacking the distinguishing mark of "self-evidence," "cer- 
tainty," "undeniability," what is the advantage of all this laborious 
"proving"? "We seem to "establish" nothing! And if all the 
propositions of a deductive system are "contained" in the "axioms," 
do we not merely keep reasserting these "axioms" when we state 
the "Pythagorean Proposition"? The problem of the "New" in 
mathematics arises! Ah, says Professor Poincare, who himself 
urged this problem, the "New" exists (and every unbiased mathe- 
matician will agree with him in this) ; but, though it is excluded 
indeed by the "deductive" procedure, it has its source in that impor- 
tant other method of mathematics, namely, "complete induction." 

Does not the great mathematician, in opposing this "mathe- 
matical induction" to the usual "deduction," misconceive the 
former? This question is of double importance. If Poincare 's 
solution is correct, mathematics is not purely a "deductive" system, 
as modern mathematical logicians hold. If it is incorrect, the prob- 
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lem must either be solved differently or it is merely symptomatic of a 
general misunderstanding of the nature of a deductive system. 
I believe that the latter alternative is correct, and I shall indicate 
this by a brief analysis of Poincare's theory. 

In the first place it must appear paradoxical, if ' ' complete induc- 
tion" is really the source of the "New," that the application of the 
method should be so limited in "geometry" where the "New" is so 
very patent ! 

In the second place it must be borne in mind that the question 
how the "New" is found does not concern us here, but how we can 
account for its logical existence in a deductive system. 

Now let us briefly examine this method of "mathematical induc- 
tion. ' ' It may be well to attach our remarks to a particular example. 
I choose the "binomial theorem," because it is here that the beginner 
in mathematics usually makes his first acquaintance with this method ; 
and the simple form in which it appears here illustrates the point as 
well as the later refinements on it by Dedekind, Schroder, Hunting- 
ton, and others. 

Starting with the formulae 

a,-\-b = a-\-b, 
(a + b) 2 = a 2 + 2ab+l 2 , 
(a + b) 3 = a? + Za 2 b + Zab 2 + b 3 , 
etc., 

which are obtained by succesive multiplication with a-\-b = a-\-b, 
we make an ' ' induction ' ' to find the formula for the wth power, 

(a + 6)» = o» + £'a"-i5 + w(7 !~ 1) a"" 2 & 2 + • • •• 

How this is done in detail, it is not essential for us to examine here.. 
But, and this is essential, this formula is not yet warranted, it is a 
mere presumption, a methodical guess at a general law. To incor- 
porate this formula into the system, it requires to be "proved"; 
the "induction" is no warrant whatever. For in many cases we 
make a precisely similar induction, but find, on testing the "law" 
that it does not hold in general. This occurs with annoying fre- 
quency in the case of finding the "nth. derivative of a function" (for 
the remainder in Taylor's theorem) ! The first part of the method, 
the "induction" consists, therefore, merely in making, by analogy, 
a guess at a general law (Bertrand Russell uses this rather dis- 
paraging, but very characteristic, expression). It is the second part 
which establishes the law as valid: by assuming the formula to be 
correct for n, we prove that it holds for n + 1. This step from n to 
n-\-l is the really characteristic feature of the method (which is 
often called after it "conclusion from n to w + 1") ; this step dis- 
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tinguishes it radically from any "induction." For it is a deduction 
pure and simple; here we "deduce"! From what? This I shall 
examine later. But we "deduce," no doubt about that! And 
nothing whatever distinguishes this ' ' conclusion from n to n + 1 " 
essentially from other deductive proofs. The "New" does enter here 
indeed ; but so it does in other ' ' deduction ' ' ; only how 1 This is the 
question which the reference to "induction" leaves completely un- 
answered. And the problem of the "New" remains on our hands. 

Its solution, however, does not require the invention of new struc- 
tural elements or the recognition of hidden and unsuspected methods : 
the problem is merely symptomatic of the insufficiency of our preva- 
lent theory of a deductive system. A reexamination is needed which 
will draw the full theoretical consequences of the practical work of 
modern mathematics. 

Karl Schmidt. 

Cambridge, Mass. 



DISCUSSION 
MISS CALKINS 'S REPLY TO THE REALIST 

MISS CALKINS is almost the only "idealist" who has ap- 
peared in arms against the advancing "realistic" movement. 
Partly because of this, partly because of the position Miss Calkins is 
rightly accorded among philosophic writers, and partly because her 
reply to the "realist" exhibits a type of fallacy entailing very im- 
portant consequences, it has seemed that her contention is particu- 
larly worthy of consideration. 

The reply in question 1 is divided into two parts. The first of 
these is concerned with the "recent criticisms of idealism," which, it 
is said, can be grouped under three main heads: "first, those which 
oppose idealism on the ground that it is subversive of some impor- 
tant system of beliefs; second, those which charge idealism with 
fundamental inconsistency; and, third, those which claim that ideal- 
ism is based on unjustifiable assumptions. ' ' 

The first of these criticisms is disposed of briefly. The fact that 
certain beliefs are generally accepted does not render them true, and 
as long as one's contention is based upon this principle it is irre- 
futable. 

The second criticism, that concerning the inconsistency of 
"idealism," is not treated at all fully. The "realistic" contention 
is said to be that the subject-object relation, which is essential to 

1 This Journal, Vol. VIII., pages 449 ff. 



